An Estimate for Hexagonal Circle Packings by 須川, 敏幸
TitleAn Estimate for Hexagonal Circle Packings
Author(s)須川, 敏幸




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
An Estimate for Hexagonal Circle Packings
(TOSHIYUKI SUGAWA)
Zheng-Xu He “An estimate for hexagonal circle packing” J.Diff.Geom. Vol.33(1991) pp.395-412
$H_{n}$ $\ovalbox{\tt\small REJECT} n$ regular hexagonal chcle packing,
$H_{n}=\{\{z\in \mathbb{C};|z-(2(k_{1}+k_{3})+2e^{\pi i/3}(k_{2}-k_{3}))|=1\};k_{1},$ $k_{2},$ $k_{3}\in Z,$ $|k_{1}|+|k_{2}|+|k_{3}|\leq n\}$
$\mathcal{P}_{n}$ chcle packing $H_{n}$ $\mathcal{P}_{n}^{0}$
1
co $Cj+1=\{z;|z-2e^{\pi ij/3}|=1\}$ $(j=0,1,2,3,4,5)$ $(cj\in H_{1}\subset H_{n})$
$P\in \mathcal{P}_{n}^{0}$ $c_{0}’=c_{0}\in P$ 1 $c_{1}$
$-$
$\rho$ : $H_{n}arrow P$ $\rho$(c) $=c’,\rho(H_{m})=H_{m}’(0\leq m\leq n)$
$n$
$s_{n}= \sup_{P\in \mathcal{P}_{n}^{O}}\max_{\leq 1j,k\leq 6}(\frac{radc_{j}’}{radc_{k}}-1)$
$s_{n}=O( \frac{1}{n})$ $(narrow\infty)$
: $s_{n}\geq 4/n$ order $s_{n}\geq 4/n$ $g(z)= \frac{2(n+1)z-1}{2(n+1)-z}$
$g(H_{n})\in \mathcal{P}_{n}$
$s_{n} \geq\frac{radg(c_{1})}{radg(c_{4})}-1=\frac{16n+16}{4n^{2}-1}>\frac{4}{n}$
$\delta_{1}>0$ hexagonal packing rhmg
lemma
$\delta_{1}=\inf_{P\in \mathcal{P}_{n}^{O}}\min_{1\leq j\leq 6}radc_{j}’$
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$MMA2.1.\hat{c}t)^{\hat{C}_{1},\hat{c}_{2}}$ $\delta$1 $\leq\frac{rad_{\hat{C}}}{rad\dot{c}_{k}}$ o $-\vee$ $M\ddot{o}$bius
$g$ :
$g(\hat{c}_{0})=c_{0}$ , $g(\hat{c}_{1})=c_{1}$ , $g(\hat{c}_{2})=c_{2}$ .
$\hat{c}_{0}=c_{0}$ $g$ $c_{0}$ Cl-bf schftz ( $C_{1}\geq 1$ )
LEMMA. $f$ : $c0arrow c0$ $C_{1}$ -biIipschitz $f$ $\tilde{f}:\overline{D}arrow\overline{D}$ $(D=\{|z|<1\})$ $\overline{f}(re^{i\theta})=rf(e^{i\theta})$
$\overline{f}^{\text{ }C_{1}}$
$n$ $P\in \mathcal{P}_{n}^{0}$ 2 $H_{n-1}$ $H_{n-1}’=p(H_{n-1})$
radial $C_{1}$ -
$\varphi$ :
$\varphi$ : hull $(UH_{n-2})arrow$ hull$(\cup H_{n-2}’)$
$C_{1}$ - $f$ : $Darrow \mathbb{C}$ $f|_{\{|z|<1/\sqrt{3}\}}$ $C_{2}$ -
$\overline{f}:\mathbb{C}arrow \mathbb{C}$ $C_{2}$ $C_{1}$
$\varphi$
$\{|z|<n=2\}$ $C_{2}$ $\psi$ : $\hat{\mathbb{C}}arrow\hat{\mathbb{C}}$ $(\psi(\infty)=\infty)$ (hull$(\cup H_{n-2})\supset\{|z|<$
(n–2) } )
$m$ $\frac{n-3}{2}$ $\cup H_{m}\subset\{$ $\leq n-2\}$
$c$ $\gamma$
$\tau$
$\{\gamma_{c}\}_{c\in H_{m}},$ $\{\gamma_{C’}\}_{c’\in H_{m}’}$ $G_{m},G_{m}’$
$\gamma_{c}\mapsto\gamma_{c^{l}}$ $(c’=\rho(c))$ $\tau$ :Gm $arrow$ G $\tau$ $\tau*$ : $\Lambda(G_{m})arrow$ (Gm’)
$\xi_{i\mathfrak{n}}^{-\mathfrak{F}\ovalbox{\tt\small REJECT} \text{ }}\equiv$ ( $\Lambda(G)1hG$ hmit set)
$H_{m}$ $U_{m}$ $\hat{\mathbb{C}}\backslash \bigcup_{C\in H_{m^{C}}}$ $I_{m}\cup U_{m}=;W_{m}$ $G_{m}$
$m=[ \frac{n-3}{2}]$ $f=fn$
$f:=\{\begin{array}{ll}\tau(g)0\psi og^{-1} on g(\overline{W}_{m}) (g\in G_{m})\tau_{*} on \Lambda(G_{m}) \end{array}$
(1) $f$ : $\ovalbox{\tt\small REJECT}arrow\hat{\mathbb{C}}$ $C_{2}$ ,
(2) $f(0)=0,$ $f(1)=1,$ $f(\infty)=\infty$ ,
(3) $fog=\tau(g)of$ for $\forall g\in G_{m}$ ,
(4) $f$ m $=\cup g\in c_{m}g(I_{m})$
$J_{m}$
LEMMA2.2. $|D\backslash J_{m}|\leq C_{3}/m^{2}$ ( $C_{3}>0$ } $h_{\grave{B}J^{\backslash }}^{*}\overline{\Phi}^{arrow \text{ })}jE$
$J_{m}$ $c_{n}$ $(m\leq$
95
COROLLARY. $G_{\infty}=\lim_{arrow}G_{m}$ mit set $13i2^{\backslash }’\lambda\overline{\pi}\backslash \grave{l}H^{1}I_{X}P0\dot{\text{ }}^{\backslash \backslash }b$
. $c_{0}$ $z$ $|\varphi(z)-z|\leq$ $\circ$ $C_{4}>0$
$c_{0}’\cap c_{j}’$ $\frac{1}{n}$ order co $\cap Cj$ $s_{n}=0(\frac{1}{n})$
Lemma22
LEMMA(SULLIVAN). $f$ : $\hat{\mathbb{C}}arrow\hat{\mathbb{C}}$ $C_{2}$ $C_{2}$ $C_{5}$
: $\delta>0$ $f$ Beltrami $\mu=f\overline{z}/f_{Z}$ $\delta$ $E$ $0$





“Schwarz’s lemma for circle packings II” $J.D$ LGeom.30(1989)pp.639-554 ( ) $\xi$;
. $R$ drcle $pa$ n9 $f_{\epsilon}$ $f$
$R$ Jorda f. $f$ $f_{\epsilon}$ : $R_{\epsilon}$ $arrow$ D. $f:Rarrow D$
:
$\forall\eta>0,$ $\exists\delta>0,$ $\exists\epsilon_{0}>0,\forall\epsilon\in(0,\epsilon_{0})$ $z\in R_{\zeta},w\in R,$ $|z-w|<\delta\Rightarrow|f\epsilon(z)-f(w)|<\eta$
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